The mathematical properties of a family of generalized beta distribution, including beta-normal, skewed-t, log-F, beta-exponential, betaWeibull distributions have recently been studied in several publications. This paper applies these distributions to the modeling of the size distribution of income and computes the maximum likelihood estimation estimates of parameters. Their performances are compared to the widely used generalized beta distributions of the first and second types in terms of measures of goodness of fit.
Introduction
Consider the distribution function of a beta random variable given by where f (·) is the derivative of F (·)and therefore is the corresponding probability density function if F (·) is a distribution function. For simplicity, this distribution will be called the generalized beta-F distribution hereafter. Jones (2004) introduced this as the probability density function of the transformed random variable X = F −1 (Y ) where Y is a Beta random variable with parameters of α and β. The density function form in (1.2) was also alternatively described as a simple generalization of the use of the collection of order statistics distributions associated with F. Jones (2004) and Ferreira, etc. (2004) explored general properties of this family of distributions and examined the special cases of skewed-t and log-F distributions. Since F (·) can be any distribution function, the family of this generalized beta-F distribution is a very rich one and can be further explored. This family of distribution was first introduced by Singh et al. (1988) and has since been studied for several distribution functions. In this paper, it is applied to the analyses of placecountry-regionU.S. family income data.
Numerous distributions (see McDonald, 1984 , and references therein), including gamma, beta, Singh-Maddala (or Burr), Pareto, Weibull, and generalized beta of first and second kinds, have been used to model the size distribution of income. McDonald (1984) fit the above models to the income data of 1970, 1975, and 1980 and concluded that the generalized beta of the second type provided the best relative fit and that the Singh-Maddala (SM) distribution provided a better fit than the generalized beta of the first kind. McDonald also discussed the relationships between several widely used models for the income distribution, those relationships can be expanded to the family of the generalized beta-F distribution in (1.2) that includes some of the distributions as its special cases.
In this paper, examples of the family of the generalized beta-F distribution described in (1.2) in existing literature are summarized in section 2. The distributions tabulated in Table 1 are fit to the U.S. family income data presented in a grouped format on the website of the Census Bureau. Outlines of the maximum likelihood estimation of unknown population parameters involved in the generalized beta-F distribution function and in the F (·)function are derived for the grouped income data in section 3. The equations to be maximized and the gradients do not have closed forms and depend on the function F (·) of interest. Besides the parameter estimates and associated estimated value for the mean, goodness-of-fit values including sum of the squared errors, sum of the absolute deviations and chi-squares are reported for comparisons in section 4. The performance comparisons of the distributions are also presented.
The Models
The probability functions of interest and their means and moments are summarized in Table 1 in this section. Technical details on the characteristics such as the shapes, moments, skewness, and limiting distribution as some parameters tend to extreme values of each distribution can also be found in the provided reference.
The generalized beta of the first (GB1) and second (GB2) kind (McDonald, 1984) are respectively defined by
They are special cases of the generalized beta-F distribution with
2), respectively. The underlying distribution of income in Thurow (1970) with a=1 in (2.1) is therefore also a special case with a distribution function F of a uniform distribution over the interval (0, b). The Singh-Maddala distribution with a density function of
β+1 is a special case of generalized beta of the second kind with the beta parameter α = 1. Note that these distributions are unimodal.
Eugene (2002)studies the properties of a beta-normal (BN) distribution, i.e., F is a normal distribution function. Gupta and Nadarajah (2004) further derived a different form of the moments of the beta-normal distribution. The betanormal can be both bimodal and unimodal. Eugene (2002) showed that it is skewed to the right when α > β and skewed-to the left when α < β. When α = β, it is symmetric aboutµ. It has heavy symmetric tails when α < 1and β < 1 in which bimodality eventually occurs as α(=β) decreases. Also when α > 1 andβ > 1, it has long symmetric tails with a higher peak associated with a larger value of α(=β).
The two particular distributions that Jones (2004) believed to provide the most tractable instances of families with power and exponential tails are the skew-t distribution (Beta-T ) and the log-F (Beta-Logistic) distribution. The skew-t distribution (Jones, 2001 , and Jones and Faddy, 2003) can be derived with
, which is the distribution function of the scaled student t distribution on 2 degrees of freedom, with scaling factor (a + b)/2. The skewed-t reduces to the symmetric Student's t distribution when a=b and becomes skewed when a =b. It is unimodal and heavy tailed, and the skewness measured based on the third moment is a monotone increasing function of a for fixed b and a monotone decreasing function of b for fixed a.
The log-F distribution is a special case of family (1.2) with the standard logistic distribution F(x)=e x /(1 + e x ) which can also be other types of generalized logistic distributions. Brown et al. (2002) presented examples of application areas including survival analyses in which log-normal, Weibull, log-logistic, and generalized gamma was shown to be special cases of the log-F model; see Kalbfleish and Prentice (1980) . The log-F is unimodal and can be symmetric, or skewed-to the left or to the right. A generalized four-parameter version of log-F with location parameter a, scale parameter b, shape parameters αand replacing x by (x − a)/b in the distribution function F(x) will be fit to the income data in this paper.
Nadarajan (2004)derived the moment generating function, skewness, kurtosis and other properties for the beta-exponential (BE) distribution with an exponential F. Both measures of skewness and kurtosis are shown to decrease monotonically with the parameters α and β. . The beta-Weibull is unimodal, and the mode is at the point of 0 when b < 1. That is, beta-Weibull distribution (BW) has a inversed-J shape when b < 1. Note that the exponential distribution is a special case of Weibull distribution. Nadarajan and Ktoz (2004) investigated the unimodal beta-Gumbel distribution in the hope of attracting wider applicability in engineering due the wide applications of the Gumbel distribution in the field and showed that it has a single mode and an increasing hazard function.
The following Table 1 lists moments and means for various beta-F distributions to be fit to the size distribution of income. The means in the table will be calculated as a check of the validity of the parameters produced from computer algorithms in the next section. Let Φ(x; µ, σ) be the distribution function of a normal random variable with mean µ and standard deviation σ and digamma Ψ(x) = d log Γ(x)/dxbe the Euler's psi function; see Gradshteyn and Ryzhik (2000) 
Maximum Likelihood Estimation
The income data were in a grouped format with only the frequency and mean income of each group given. Let G and g be the respective cumulative distribution and probability density function of a beta random variable Y as in (1.1) . Let θ G =(α, β) T and θ F =(a, b) T be the column vectors of parameters associated with the beta distribution G and the distribution function F in (1.1) and (1.2) , respectively. Define the probability
It is the proportion of the population in the ith of the r income groups defined by the intervalI i = [x i−1 , x i ). The likelihood function for the data is therefore given by
where n i , i = 1, · · · , r, is the frequency of the ith group and N = r i=1 n i . The maximum log-likelihood estimators are obtained by maximizing
It is well known that the resulting estimators by maximizing the multinomial likelihood function in (3.2) is less efficient than the ones based on individual observation, it is asymptotically efficient. Note that the group probability P i (θ G , θ F ) in (3.1) can be obtained by first evaluating the cdf of a beta random variable at F (x i−1 ; θ F ) and F (x i ; θ F )and then computing the difference between the two values. This reduces the complexity of programming required to calculate the integrations, because algorithms for evaluations of cdf are available readily in most statistical software.
Next, the first derivative L(θ G , θ F ) will be presented. Let Θ =(θ G ,θ F )T. The first derivative of L(Θ)with respect to Θare
Note that the parameter vectorθ F are the parameters involved in the function F. The derivatives of P i (θ G , θ F )in (3.1) with respect to θ G and θ F are given by
(3.4) and d log B(α, β)/dα=Ψ(α) − Ψ(α + β). The nonlinear optimization subroutines in SAS can be employed by specifying the equation in (3.2)to be maximized and the gradient function in (3.3) . Both the likelihood function to be maximized and the gradient function vary with the distribution functionsF (·) under consideration, and the resulting functional forms of (3.4 ) can be tedious and therefore not presented for any F (·)under consideration here.
Estimation and Comparisons
The nonlinear Newton-Raphson method in SAS was employed with the specification of the function to be minimized and the corresponding gradient function. The income data were in a group format and can be found on the Census Bureau's web site. The first group consists of families making less than $25,000, and the last group of more than $250,000. In the evaluation of (3.1) and (3.2), the value of the cdf F (·)is set to be 0 at the lower boundary of the first class and 1 at the upper boundary of the last class in our SAS programs.
The Table 1 . The resulting estimated means using the skewed-t appear to overestimate. The sum of squared errors (SSE) between the relative frequency n i /N and the estimated frequencyP i (Θ) or the absolute errors (SAE), and chi-square χ 2 are also reported. The generalized four-parameter log-F distribution appears to yield the best fit in terms of chi-squares and SAE, and the generalized beta of the second type (GB2) in terms of SSE. Overall, the log-F performs well which is consistent with Jones' belief that Log-F provides the most tractable instances of families with power and exponential tails. The two-parameter skew-t performs relatively poor in the results. As in McDonald (1984) , the generalized beta of the second type provides better fit than the generalized beta of the first type (GB1). Trailing behind the log-F and GB2 is the beta-Weibull. The three-parameter beta-exponential and beta-Weibull provide better fit than the GB1 in terms of all measures of goodness fit. Thought the skew-t has second worst performance, it appears to perform much better than beta-normal. The beta-normal distribution noticeably performs the worst. Note that the normal distribution itself is a poor fit for skewed data. Next, in order to have a better picture on how the tail for each distribution fitted to the data, the estimated density functions based on the 2005 income data are presented in the following graph. The skewed-t appears to result a thicker tail than others.
In summary, the log-F provides the best relative fit and then followed by the generalized beta of the second type. Among other distributions in the family of the generalized beta distribution that were fit to the data, the beta-normal appears to perform poorly. The two-parameter skew-t distribution can probably extended to four-parameter one whose mathematical properties including moments and shapes needs further studied.
